It is shown that there is a universal gravitational memory effect measurable by inertial detectors in even spacetime dimensions d ≥ 4. The effect falls off at large radius r as r 3−d .
Introduction
In four spacetime dimensions, a triangular equivalence has been established between Weinberg's soft graviton theorem, a subgroup of past and future BMS symmetries, and the gravitational memory effect [1] [2] [3] [4] , indicating a rich universality in the deep infrared (IR). Many manifestations of this universal IR triangle have been found in a variety of systems. In this paper we address gravitating systems and construct an IR triangle in even dimensions greater than four.
A puzzle immediately arises. In a number of papers, it has been claimed that there is no gravitational memory or BMS symmetry above d = 4 [5] [6] [7] [8] [9] [10] [11] [12] . On the other hand, the soft graviton theorem holds in any number of dimensions, and the associated infinity of conservation laws/symmetries should follow from matching conditions near spatial infinity. The full triangle including symmetries and memories should be traceable starting from the soft theorem corner.
Indeed the memory effect is just a Fourier transform with respect to time of the soft theorem.
In this paper we resolve this puzzle. Metric components contain both radiative and Coulombic terms which fall off like r Moreover we show that the memory effect exhibits universal behavior, meaning that for any even d, it sits at a corner of a triangle that includes both the soft graviton theorem and asymptotic symmetries/conservation laws.
A number of interesting phenomena arise along the way. In particular, the Goldstone boson of the associated symmetry breaking on the boundary of I is hidden in a subradiative component of the metric appearing at the order of Coulombic terms in the form of an undetermined integration constant in the perturbative large-r solution. The leading soft graviton theorem in higher dimensions is not related to IR divergences and has a structure which resembles subleading soft theorems in d = 4 [13, 14] , for which this analysis may contain some lessons.
Overlapping results were independently obtained by Mao and Ouyang in [15] and Campiglia and Coito in [16] . This paper is organized as follows. In section 2, we present relevant formulas of linearized gravity in harmonic gauge, impose boundary conditions on the metric perturbations and determine the resulting residual gauge symmetry. In section 3, we focus on gravity in six dimensions for which we show that the residual gauge symmetry found in the previous section generates a gravitational memory effect, thereby establishing these residual diffeomorphisms as physical asymptotic symmetries. In section 4, we show that Weinberg's soft theorem in d = 6 computes the shift in the transverse metric component associated with the gravitational memory effect.
Moreover, we reinterpret the soft theorem as a conservation law resulting from a matching condition of a component of the Weyl tensor at I − + and I + − . In section 5, we generalize our analysis from d = 6 to all higher even-dimensional spacetimes.
General relativity in
This section presents some basic formulas for asymptotically flat spacetimes in d = 2m + 2 dimensions for m ≥ 2 1 and integral.
Linearized gravity in harmonic gauge
Consider perturbations g µν = g
µν denotes the higher-dimensional flat metric in retarded coordinates,
where z A , A = 1, · · · , 2m are coordinates on the asymptotic S 2m . Defining the trace-reversed 2) and imposing the harmonic gauge condition
the linearized Einstein equation becomes
In an asymptotic analysis near null infinity we may include in T µν all forms of radiative stressenergy including gravity waves. In components 
The residual diffeomorphisms ξ µ that preserve the harmonic gauge condition (2.3) obey ξ µ = 0, or equivalently
(2.7)
Boundary conditions and solution space
In 2m + 2 dimensions, radiative solutions of the wave equation fall off like 1 r m in a local orthonormal frame, while Coulombic solutions have the faster (for m > 1) falloff 1 r 2m−1 . We accordingly adopt the boundary conditions 9) and assume that the components of the energy-momentum tensor T µν fall off at the same rate as G µν . These boundary conditions allow the higher-dimensional generalization of Kerr [17] as well as gravity waves. Allowing for the difference in gauge choice, they are consistent with the falloffs employed in [11] , but are stronger than those in [18] .
In the large-r limit, we assume an asymptotic expansion in inverse powers of r of the metric perturbations, starting at the the order given by (2.8)
(2.10)
We use these expansions to solve (2.3) and (2.4) order-by-order in r and find that the coefficients of the expansions (2.10) are all determined in terms of the radiative data h (m−2) AB , up to potentially significant u-independent integration constants. In particular, the Einstein equation (2.4) together with the gauge condition (2.3) imply the following constraints when m ≤ n ≤ 2m − 1 0 =h
2 Strictly speaking, these components are not all independent meaning that the Einstein equation together with the harmonic gauge condition require some of the components to fall off faster than a radiative or Coulombic mode in an orthonormal frame.
Using the above constraints together with the Einstein equation, one obtains a relation between the radiative mode and components of the metric appearing at O(r −2m+1 ) 12) where inverse powers of D 2 denote Green's functions.
Finally, the relation between the components of the metric and the flux of energy and momentum which appears at leading order in the uu component of the Einstein equation is simply − 16πGT
Residual symmetries
The harmonic gauge condition (2.3) and the falloffs (2.8) do not fully fix all of the gauge symmetry. Residual symmetries remain of the form
where f is any function on the sphere. Poincaré transformations are also allowed diffeomorphisms but are peripheral to our discussion and so are not explicitly included in (2.14). Under this residual symmetry, h
while for m ≥ 2, the radiative mode h (m−2) AB is unaffected.
Gravitational memory in d = 6
In this section we derive the higher-dimensional gravitational memory effect. For notational simplicity, we focus on the d = 6 case which illustrates many of the features of the most general case. The generalization to all even higher dimensions is discussed in section 5.
We begin by considering two inertial detectors near I + moving along timelike geodesics 3 with tangent vector
The relative transverse displacement s A of the detectors obeys
3 There will be corrections to the tangent vectors in (3.1) subleading in r but these will not affect our analysis.
Using the metric perturbation boundary conditions (2.8), the linearized Riemann tensor is
Let us consider a scenario in which the system is in vacuum (i.e. stationary) at initial and final times, u i and u f respectively, while during the interval u i < u < u f there is a transit of gravitational radiation. To leading order in the large-r expansion, (3.2) can be integrated directly to find
where
is the separation of the detectors at some initial retarded time u = u i ,
Expanding at large r,
The would-be leading term vanishes because
One way to derive this is to note that the initial and final configurations are radiative vacua, but according to (2.15) , one can always choose h (0) AB = 0 in the vacuum. Therefore the leading term is 'frozen' and cannot be shifted by the passage of waves. This conclusion was arrived at by a different method in [11] , and is the basis of the statement that there is no gravitational memory in higher dimensions. However it really only implies that the gravitational memory effect does not appear at the radiative order of the large-r expansion, rather it appears at the Coulombic order which is subleading above d = 4.
Using (2.15) to write ∆h (1) AB in terms of pure gauge configurations, one finds
where C is a component on the sphere of a vacuum metric which obeys
and accordingly shall be referred to as the Goldstone mode. C characterizes the vacuum configuration at a given retarded time and ∆C ≡ C| u f − C| u i .
Thus, we conclude that the large diffeomorphism (2.14) which distinguishes the late and early vacua can be measured by gravitational memory experiments which are sensitive to the 1 r 4 Weinberg's soft theorem in d = 6
Continuing in d = 6, in this section we show that Weinberg's soft graviton theorem is a formula for the shift in precisely the same metric component ∆h AB , which in turn is related to the shift in h (1) AB via the u integral of (2.12) (or equation (4.18) below) to the classical radiation field sourced by the scattering process. This Fourier relation was worked out in [15] . Here we shall proceed via a different route, showing that the soft formula can be expressed as a conservation law following from antipodal matching conditions at null infinity, as in d = 4. This conservation law then readily yields a formula for the memory shift ∆h (1) AB .
Soft theorem as Ward identity
We begin as in [18] by rewriting the soft theorem as a Ward identity. Consider fluctuations of the d = 6 metric about a flat background, g µν = η µν + κh µν , where κ 2 = 32πG. 4 The radiative degrees of freedom of the gravitational field have the mode expansioñ
where ω q = | q| and ε α µν ( q) are polarization tensors obeying
The modes a α and a † α obey the canonical commutation relations
Note (4.2) directly implies that the mode expansion (4.1) obeys the harmonic gauge condition.
The utility of this gauge choice in the context of the IR triangle was originally suggested in [19] .
Also see [20] [21] [22] for additional analyses employing harmonic gauge.
The free radiative data at I + is
and can be evaluated by taking a saddle point approximation at large r of (4.1). The result is [18] h (0)
The frequency space expression is obtained by performing a Fourier transform
Hence,
where ω > 0. The zero frequency mode of h AB is then defined in terms of a linear combination of positive and negative zero-frequency Fourier modes
The soft graviton theorem for an outgoing soft graviton can be expressed in terms of an insertion of (4.8) into the n → m particle S-matrix
where we have labelled the asymptotic particles by their four-momenta p
When acted upon by the following differential operator, (4.10) localizes to a sum over δ-functions
Then acting with this differential operator on (4.9) and convolving against an arbitrary function on the sphere D 2 f (z), one finds
Combined with the result of an analogous analysis near I − , (4.12) leads to the Ward identity
where the charges can be decomposed into hard and soft pieces
14)
The action of the hard charges on outgoing asymptotic states is reproduced by the action of the leading order uu component of the energy-momentum 15) while the soft charges, defined as We now show that Q + S is proportional to the shift ∆C which appears in the memory formula (3.7). The AB component of the linearized Einstein equations in d = 6 at O(r −2 ) (or equivalently equation (2.12)) is
which implies
Recall that ∆h
AB is pure gauge
(1)
where ∆C is the shift in the Goldstone mode across I + . It follows that
Substituting these expressions in (4.12), one finds that the soft theorem computes the expectation value of angular derivatives of ∆C in the presence of a scattering event
As anticipated in section 3, we find that gravitational radiation emitted during generic scattering processes shifts the component of the metric h
AB where the precise shift is given by the gauge transformation law (2.15) with f = ∆C as given in (4.21).
Conservation law
The soft theorem in the form (4.13) equates the outgoing integral Q + on I + to an incoming integral Q − on I − . In this subsection we show that both of these are given by S 4 boundary integrals near spatial infinity, and their equality is implied by the antipodal matching conditions.
Moreover the conserved charges are arbitrary moments of the Weyl tensor component whose zero mode is the Bondi mass.
To see this explicitly, recall the charge Q + given by its decomposition into hard (4.15) and soft (4.16) parts
AB .
Using (2.13) and performing the u integral, one finds
(1) AB
This combination of gauge fields is proportional to the leading contribution to the asymptotic expansion of the following component of the Weyl tensor evaluated in a radiative vacuum near the boundaries of I
AB − 3h
Note the expression is non-local in the gauge field only because we chose to express it in terms of h
5
Natural boundary conditions on the Weyl tensor manifestly lead to sufficiently fast fall off behavior of the C ruru component at I + + for the charges to be written as local expressions at I
In particular, if we replace D 2 f by 1, then we recover the total mass 26) where notice that the second term is a total derivative on S 4 and thus vanishes upon integration.
Antipodal matching of this Weyl tensor component on I − + to that on I + − then implies directly
In summary there is a complete IR triangle in d = 6 with the leading soft graviton theorem in one corner, 1 r 3 gravitational memory effect at the second corner and asymptotic symmetries/conservation laws at the third.
Higher dimensional generalization
In this section, we generalize the analysis in sections 3 and 4 to all even dimensions d > 4.
Equivalent local expressions can be obtained for example by substituting h (1)
AB for h (2) rA . 6 We have not verified that this charge in any sense generates via the Dirac bracket the large diffeomorphisms of section 2.3. Such a demonstration would have to carefully account for all our subsidiary gauge fixing as well as the mismatching powers of r found in Appendix C.
Geodesic deviation in higher dimensions
In general dimensions, the relative transverse displacement s A of the detectors due to the transit of gravitational radiation is given by (3.2). To linear order in the metric perturbations
Using the fall-off conditions (2.8), one finds this component is given by an asymptotic expansion of the form
Integrating (3.2) twice, one finds
where just like in the six-dimensional case, we assume the system is in vacuum at initial and final times. This means that the modes h (n)
CB up to n = 2m − 3 do not contribute since their vacuum configurations do not undergo a relative displacement between early and late times or equivalently, they do not change under (2.14).
Finally, the displacement ∆s
A can be expressed directly in terms of the change in the vacuum
where C is a function on S 2m that parameterizes the space of inequivalent vacuum configurations.
We conclude that gravitational memory experiments sensitive to the 1 r 2m−1 Coulombic components of the metric near null infinity can measure the shift between early and late vacua generated by (2.14).
Soft theorem as Ward identity
From a stationary phase approximation of the standard mode expansion in higher dimensions, we find
The finite frequency modes are given by the Fourier transform 6) or equivalently
with ω > 0. The soft theorem can be written as 
and H(u, z) contains the memory metric component
(5.12) Equation (5.10) can now be inverted to express the creation and annihilation operators in terms of H(u, z). Extracting the zero-mode, we find that
Using the action of the differential operators D ℓ on soft factor F AB derived in [18] , the soft theorem (5.8) can equivalently be written as follows
where we have used (2.15) to express the difference between the early and late vacua across I + in terms of the shift ∆C in the Goldstone mode across I + . We note that the form of the large diffeomorphism (2.14) ensures the Green's function appearing in (5.12) cancels when the change in h (2m−3) AB across I + is pure gauge.
Integrating (5.14) against an arbitrary function D 2 f on S 2m , we find
The higher dimensional analog of the soft charge (4.20) is then
Combined with the corresponding formula for I − as well as the higher dimensional generalizations of the hard charges (4.15), we deduce that the Ward identity
computes the shift in h 
Conservation law
In this subsection, we generalize the conclusions of section 4.2 to arbitrary higher even dimensions. We first show that the conserved charges can be expressed in terms of arbitrary moments of the Weyl tensor component whose zero mode is the Bondi mass. From (5.15) we find that the full charge Q + takes the following form
Using (2.13) and performing the u integral, this becomes
In direct analogy with the discussion of section 4.2, we find that the leading term in the 1/r expansion of the C ruru component of the Weyl tensor evaluated in a radiative vacuum near the
Assuming that C ruru vanishes sufficiently fast at I + + , the total charge on I + can be written as
The antipodal matching condition of the Weyl tensor at I + − and I − + then naturally leads to the interpretation of the memory effect as the direct consequence of conservation law
In conclusion, this shows that the soft theorem in higher dimensions is a consequence of the symmetry associated with the diffeomorphism (2.14). Moreover, (2.14) generates the higherdimensional analog of the 4d gravitational memory effect. It is a 'large' gauge transformation in the sense that it computes the leading shift in the metric due to gravitational flux which is measured by the geodesic deviation equation discussed in section 5.1. This completes the triangular equivalence between soft theorems, asymptotic symmetries and gravitational memory in higher even-dimensional asymptotically flat spacetimes.
while the components of the harmonic gauge condition are
BA .
(A.
2)
The expansion of the harmonic gauge condition on residual diffeomorphisms (2.7) is
(A.3)
B Residual gauge-fixing
In this appendix, we provide the details of a consistent gauge-fixing procedure by which we arrive at the boundary conditions for the metric perturbation employed in this paper (2.8).
We start with the following weak boundary conditions on the metric
These were selected such that the leading order terms are allowed (by the Einstein equation) to be free functions of (u, z A ). In particular, they can be determined by looking for the order at which the coefficient of the ∂ uhµν term in (A.1) vanishes. If one works with weaker boundary conditions than these, then a consistent asymptotic expansion must include logarithmic terms in r. Finally, note these imply g µν h µν ∼ O(r −m ).
Combining the gauge constraints (A.2) with the components of the Einstein equation (A.1) at orders in the asymptotic expansion when the Einstein tensor vanishes, we obtain the following
where all three apply when m ≤ n ≤ 2m − 1.
Evaluated at leading order n = m these constraints implȳ
3)
The residual gauge transformations that preserve the boundary conditions 7 (B.1) are given to leading order by
where ξ u(m) , ξ r(m) , and ξ A(m+1) are free functions of (u, z A ). Under these diffeomorphisms, the leading order fields transform in the following way Upon performing this gauge-fixing we are left with residual gauge transformations, which at leading order are given by u-independent ξ u(m) , ξ r(m) , and ξ A(m+1) .
Now suppose one has gauge-fixed
The remaining residual gauge transformations that preserve (B.8) are given to leading order by
where ξ u(n) , ξ r(n) , and ξ A(n+1) are u-independent free functions on the sphere S 2m . Note with this gauge-fixing, the constraints (B.2) imply that
Then, at this order, the following components of the Einstein equation significantly simplify
implying thath
uA and h (n+1) are u-independent.
The transformation of these components under the residual gauge symmetry (B.9) is
where using (A.3), ∂ u ξ
A can be written in terms of ξ
r and ξ
These transformations are linearly independent and thus can be used to set
leaving the remaining residual gauge symmetry with leading order terms now given by uindependent ξ u(n+1) , ξ r(n+1) , and ξ A(n+2) .
Hence, we can iterate this process until n surpasses the limits in (B.11) and thus we can set
(B.14)
Upon performing this residual gauge-fixing, the first constraint in (B.2) is identically zero for n ≤ 2m − 2 and setsh The vanishing trace condition together with the second two constraints in (B.2) simplify for m ≤ n ≤ 2m − 1 to the three constraints appearing in (2.11). When n ≤ 2m − 1, we can use (2.11) to solve for the other components in terms of h 
C Canonical charges
Using a canonical covariant formalism [23, 24] , one can construct charges that are associated to the symmetries of the theory. In gravity, the charge associated to a generic diffeomorphism ξ is given by In d = 2m + 2 dimensions, F ru evaluated on the large diffeomorphism (2.14) in the absence of radiation is given to leading order by The idea that components of the charge which fall off as some power of 1/r could generate non-trivial symmetries was put forward in [25, 26] . In particular, [25] showed that the 4d subleading soft graviton theorem can be recovered from a conservation law associated with a subleading component of the supertranslation charges in a large-r expansion. We leave the interpretation of charges with a large-r falloff as well as a possible relation between leading soft theorems in higher dimensions and subleading soft theorems in lower dimensions to future investigation.
